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Abstract 

+^ ■ We describe the crystal bases of modified quantum algebras and its connected com- 

ponent containing " zero vector" by the polyhedral realization method for the type 
and A^^\ We also present the explicit form of the unique highest weight vector in the 
connected component. 

> 
00 

2 1 Introduction 
o 

' Let Uq{Q) :=< ei,fi,q >jg/ (/ = 1,2, ■■■ ,n) be the quantum algebra associated with the 
^ . symmetrizable Kac-Moody Lie algebra q and U~{g) :=< >jg/ (resp. U^{q) :=< Cj >jg/) be 



the subalgebra of Uq{Q). Kashiwara showed that the subalgebras Ug{Q) has a unique crystal 
base (L(=Fcxo), i?(=pcxo)) and arbitrary integrable highest weight f/g(g)-module V{X) has a unique 
crystal baase (L(A),5(A)) (0). 

He also proved that a tensor product of crystal bases for modules is again a crystal base 
^ ■ for tensor product of corresponding modules, which is one of the most beautiful and usefull 
properties in theory of crystal bases. 

The term "crystal " implies a combinatorial notion abstracting the properties of crystal 
base without assuming existence of the corresponding modules. We shall see its examples in 
Sect. 2.1. We can define tensor product structure on crystals in a similar manner to crystal bases. 
Indeed, some crystals (and their tensor products) are used to realize crystal base -B(oo)([5]) 
and -B(A)(T) by the polyhedral realization method. Polyhedral realization of crystal bases is 
the method embedding crystal bases in some infinite-dimensional vector space and describing 
its image as a set of lattice points in certain convex polyhedron([7j,P). 

The modified quantum algebra := ®xepUqiQ)ax (resp. Uq{g)ax := Ugig)/ ^Uq{Q){q''- 
gC^-i.-^))) is given by modifiying the Cartan part of Uq{Q). Lusztig showed that it has a crystal 
base {L{Uq{g)),B{Uq{g))) = {®xL{Uq{Q)ax),®xB{Uq{g)ax)) (0) and Kashiwara describe its 
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important properties (|5 ). One of them is that the existence of the following isomorphism of 
crystals: 

B{Ug{Q)ax) = B{oo) 0Tx® B{-oo) 

where Tx is the crystal given in Sect. 2. 2. We have already the polyhedral realization of B{±) 
and then we can get the polyhedral realization of B{Uq{g)ax) (Sect. 4), which is, in general, not 
connected, on the contrary, including infinitely many components. So, next we try to describe 
some specific connected component Bq{\) containing Uoo ® ® U-oo and the explicit form of 
the unique highest weight vector in Bo{X) by the polyhedral realization method under certain 
assumptioin on the weight A in the cases g = An and A^^\ 

The organization of this paper is as follows: in Sect. 2., we review the theory of crystal 
bases and crytals. We also prepare several ingredients to use in the subsequent sections, e.g., 
crystals Bi, Tx and explain polyhedral realization of B{±oo). In Sect. 3., we define the modified 
quantum algebra Ug^Q) and see its crystal base and in Sect. 4., its polyhedral realization is given. 
In Sect. 5., we consider the modified quantum algebra of type A„. We describe the highest weight 
vector in the connected component Bq{X) including Uoo<S)tx®U-oo and the polyhedal realization 
of Bq[X) under certain condition on A. In the last section, we treat the afiine ^^^''-case. In this 
case, we succeeded in presenting the explicit form of the connected component of -Bo (A) and 
the unique highest weight vector in -Bo(A) for a poisitive level weight A. 

2 Crystal Base and Crystals 

2.1 Definition of Crystal Base and Crystal 

In this section, we shall review crystal bases and crystals. We follow the notations and termi- 
nologies to [7j |H] . 

We fix a finite index set I. Let A = {aij)ij^i be a generalized symmetrizable Cartan 
matrix, (t, {hi}i^j) be the associated Cartan data and g be the associated Kac-Moody 

Lie algebra where aj(resp. hi) is called an simple root (resp. simple coroot). Let P be a weight 
lattice, P* be a dual lattice including {/ijjg/ and Q := 0jg/Q(q')aj be a root lattice. Let 
Uqio) '■= {Q^y^i, fi)i^i^h€P* be the quantum algebra defined by the usual relations, which is an 
associative and Hopf algebra over the field Q(g). (We do not write down the Hopf algebra 
structure here.) 

Now we give the definition of crystal base. Let O-mt be the category whose objects are 
f/g(g)-module that it has a weight space decomposition and for any element u, there exists 
positive integer I such that ■ ■ ■ Ci^u = for any k > I. It is well-known that the category 
(9int is a semisimple category and all simple ojbects are parametrized by the set of dominant 
integral weights P+. Let M be a [/g(g)-module in Oint. For any u G Mx (A G P), we have the 
unique expression: 

n>0 

where G Kercj fl Mx+na,- By using this, we define the Kashiwara operators e^, fi G End(M) 
(zG/), 

n>l n>0 
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here note that we can define the Kashiwara operators Cj, /« G End(f/^(0)) by the similar 
manner(j2]). Let A C Q{q) be the subring of rational functions which are regular at g = 0. Let 
M be a f/g(g)-module in Omt (resp. U^{q)). 

Definition 2.1 ([2J). A pair {L,B) is a crystal base of M (resp. U^{q)), if it satisfies: 

(i) L is free A-submodule of M (resp. U^{g)) and M = Q{q)^AL {resp. U^{g) = Q{q)^AL). 

(ii) i? is a basis of the Q-vector space L/qL. 

(iii) L = ®xepLx, B = UxepBx where := L n M^, Bx:=Bn L^/qL. 

(iv) CjL C L and /jL C L. 

(v) CiB C BU {0} and fiBcBU {0} (resp. /i5 C 5) ( and /i acts on L/gL by (iv)). 

(vi) For u,v E B, fiU = v <^=^ CiV = u. 

The unit of subalgebra U^{q) is denoted by m±oo- We set 

ije/,i>o 

L(-oo) := ^ Acj; ■ ■ -eiiM-oo, 

S(oo) := {/i, ■ ■ ■ /ijMoo mod gL(oo) | G /, / > 0}, 
B{—oo) := {cj, ■ ■ ■ Ci^U-oo mod gL(— oo) | G /, / > 0}. 

Theorem 2.2 ([2]). ^ pair (L(±oo), i?(±oo)) zs a crystal base ofU^{g). 

Now we introduce the notion crystal, which is obtained by abstracting the combinatorial 
properties of crystal bases. 

Definition 2.3. A crystal 5 is a set endowed with the following maps: 
wt: B — > P, 

Si-. B — > Z U {-oo}, ipi-. B — >ZU {-oo} for i G /, 

Ci : U {0} — ^ BU {0}, /i : 5 U {0} — ^ BU {0} for i G /, 

g.(0) = /.(O) = 0. 

those maps satisfy the following axioms: for all 6, &i, 62 G -B, we have 

^i{h) = ei{b) + {hi,wt{b)), 
wt{eib) = wt{b) + ai if Cib G -B, 
wt{fib) = wt{b) - at if fib G S, 

= bi fibi = 62 ( &i, &2 G 5), 
ei{b) = -00 ^ Cifc = fib = 0. 
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Indeed, if (L, B) is a crystal base, then i? is a crystal. 

Definition 2.4. (i) Let Bi and B2 be crystals. A strict morphism of crystals : Bi — > B2 
is a map : 5i U {0} — > B2U {0} satisfying the following: (1) V^(0) = 0. (2)If b E Bi 
and G B2, then 

«;t(V^(6)) = u;t(6), £,(^(6)) = £,(6), (^,(7^(6)) = (^,(6). 

and the map ip commutes with all Cj and /j. 

(ii) An injective strict morphism is called an embedding of crystals. We call Bi is a subcrystal 
of B2, if Bi is a subset of B2 and becomes a crystal itself by restricting the data on it 
from B2. 

The following examples will play an important role in the subsequent sections. 

Example 2.5. Let Tx := {tx} (A G P) be the crystal consisting of one element tx defined by 
wt(tx) = A, Eiitx) = ipiitx) = -00 , ei(tx) = fiitx) = 0. 

Example 2.6. Fori G /, the crystal Bi := {{x)i : x G Z} zs defined by: 

wt{{x)i) = xai, ei{{x)i) = -x, fi{{x)i) = x, 
ej{{x)i) = -00, ^jiix)i) = -00 for j ^ i, 
ej{x)i = 6ij{x + fj{x)i = Sij{x - 

Note that as a set Bi is identidied with the set of integers Z. 
2.2 Polyhedral Realization of 5(±oo) 

We review the polyhedral realization of the crystal -B(±oo) following to |H]. 
We consider the following additive groups: 

2+00 ._ |(^. . . ^ ... ^ : Xfc G Z and = for /c ^ 0}, 

Z~°° := {(x_i, x_2, ■ ■ ■ , X-k, ■■■)'■ X-k € Z and X-k = /or k ^ 0}. 

We will denote by Z>[5° c Z^°° ( resp. Z<[^ C Z~°° ) the semigroup of non-negative (resp. 
non-positive) integer sequences. Take an infinite sequence of indices l'^ = {■ ■ ■ ,ik, ■ ■ ■ ,12, h) 
(resp. L~ = i_2, ■ ■ ■ , i-k, ■ ■ ■ )) from / such that 

ik 7^ ik+i for any and ^{k > (resp. k < 0) : ik = i} = 00 for any i E I. (2.1) 

We can associate to ( resp. t~) a crystal structure on Z"''°° (resp. Z~°°) (see |8,) and denote 
it by Z^°° (resp. Z^°°). Let Bi be the crystal given in Exampl d2.61 We obtain the following 
embeddings(|3]): 

^+ : fi(cx)) ^ B{oo)®Bi (moo ^ Moo ® (0)i), 
: B(-oo) B,0B{-oo) (m_oo ^ (0)i ®M-oo)- 
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Iterating (resp. \E'j ) according to (resp. l ), we get the Kashiwara embedding{^); 

^,+ :B{oo)^Zt^cZ+r (Moo^(---,0,-- -,0,0,0)), (2.2) 
: fi(-oo) Z<^ C Z-°° («_^ (0,0,0, ■■■,0, ■■■)). (2.3) 

We consider the following infinite dimensional vector spaces and their dual spaces: 

Q+°° := Q Z+~ = {x = (■■■, Xfc, X2, xi) : Xfc e Q and = for A; > 0}, 

: Q (8)2 Z"°° = {x = (x_i, x_2, ■ ■ ■ , x_fc, ■ ■ ■ ) • ^-fe ^ Q S'^d x_fc = for A; > 0}, 
: Hom(Q±°°,Q). 

We will write a linear form ^9 G (Q^°°)* as ^^(x) = J2k>iVkXk (v'j G Q)- Similarly, we write 
ifi e (Q"°°)* as ip{x) = Efe<-i V'fcajfc {ipj e Q). 

For the sequence t"*" = (zfc)fc>i (resp. l~ = {ik)k<-i) and > 1 (resp. k < —1), we set 

^(+) ._ niin{/ : / > /c > (resp. > I > k) and ifc = ii}, 

if it exists, and 

k^~^ := max{/ : < / < (resp. 1 < k < 0) and = ii}, 

if it exists, otherwise k^^^ = k^^^ = 0. 

We define a linear form (3k {k > 0) on Q^°° by 

^''^ \o {k = 0). ^ ' ' 

We also define a linear form /^^ (A; < 0) on Q~°° by 

n f + J2k(-)<j<k{K^ »^,)yj + yk ik< -i), ^ 

[0 (fc = 0). ^ ■ ^ 

By using these linear forms, let us define a piecewise-linear operator Sk = Sk,L on (Q^°°)* as 
follows: 

c / N f'P- ^kPk if ^k > 0, 
|^(/) - V5fcPfe{-) V^fc < 0, 

for (p{x) = ^(fkXk G (Q^°°)*. Here we set 

S,± := {S±j^- ■ ■ S±j^S±j,{±XjJ\l >0,jo,ji,- ■ ■ ,ji> 1}, 
S,± := {x e Z±°° C I ^(x) > for any ip E H,±}, 

We impose on i+ and l~ the following assumptions (P),(N): 

(P) for L~^, if a positive /c satisfies k^~^ = then > for any <y9(x) = V^fc^^/c ^ 
(N) for L~, if a negative k satisfies k^^^ = then ^pk <0 for any y9(x) = YlkVkXk ^ 2^-. 

Theorem 2.7 (0). i^et 6e the indices of sequences which are satisfied {\2. 1\ and the as- 
sumptions (P),(N). Suppose \E't+ : B{oo) ^ Z'^ and \E't- : _B(— oo) ^ are the Kashiwara 
embeddings. Then, we have Im(\l'j+)(= _B(oo)) = T,^+, Im(\l/j-)(= B{—oo)) = S^- . 
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3 Modified Quantum Algebras and its Crystal Base 

We define the left t/q(0)-module Uq{Q)a\ (jlj) by tlie relation: q^ax = q^^'^^ax. Then = 
®\epUq{g)ax has an algebra structure by 

(i) axP = Pax-( for ^ e Q and P G Ug{g)^ 

( Ug{Q)^ := {P G Ug{g); q^Pq^^ = q^^'^^P for any heP*}). 

(ii) axttf, = 6x,f^ax, 

and we call this algebra modified quantum algebra. 

Let M be a ?7q(0)-module with the weight space decomposition M = (BxepMx- Then ax is 
a projection ax : M — > Mx- 

In p], it is revealed that modified quantum algebra Uq{Q) has a crystal structure and in ^ 
its crystal base is described as follows: 

Theorem 3.1 

B{Uq{Q)ax) = fi(oo) ® Ta ® 5(-oo), 

B{UM) = B{oo) ®Tx® B{-oo). 
AeP 

4 Polyhedral Realization of B{Uq{Q)a\) 
4.1 Crystal structure of Z°°[A] 

Let Z^°° and Z^°° be as in Sect. 2. 2, We take the indices sequence l := (/."•", tx, /.") = (■■■, Z2, "^i, ^a, "^-i, "^-2, ■ ■ ■ ) 
and weight A G P. We set Z^[A] := Ta ® Z'J^. The crystal structure on Z;^[A] asso- 
ciated with L and A is defined as follows: We identify Z^°° ®Tx® Z~°° with Z°°. Therefore, 
Z°°[A] is regarded as a sublattice of Q°° = Q ®2 Z°°. Thus, we can deonte x G Z^[A] by 
X =(■■■, 0:2, Xi, tx, x_i, x_2, ■ ■ ■ )• For X G Q°°, we define a linear function crfc(a;) (A; G Z) by: 

-{hi^A) +Xk + Y.j>k^K^(^ij)^j (fc<-l), (4.1) 
-00 (A; = 0). 

Since Xj = for j ^ 0, cr^ is well-defined. Let a^^\x) := maxfc.j^=j(Tfc(x) and 

jVfW = M»(f) := {k:ik = t,ak{x) = ct«(^)}- (4-2) 

Note that a^'\x) > 0, and that M^^) = M(^)(f) is a firiite set if and only if a'^^ix) > 0. Now, 
we define the map : Z°^[A] U {0} — ^ Z~[A] U {0} , fi : Z°°[A] U {0} — ^ Z°°[A] U {0} , by 
ei(0) = /i(0) = and 

{fi{x))k = Xk + (5fe,minAf(0 if ^"-^^ cxists; otherwise fi{x) = 0, (4.3) 
{ei{x))k = Xk — Sk,ms,xM(''> if ^^^^ exists; otherwise ei{x) = 0. (4.4) 
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where 6ij is Kronecker's delta. We also define the weight function and the function et and (pi 
on Z°°[A] as follows: 



(4.5) 



wt{x) := A - Zljl-oo^i^ii' ^i(^) •= (^^''{x), 
(Pi{x) := {hi,wt{x)) +ei{x). 

We denote this crystal by Z~[A]. 

Since there exist the embedings of crystals: B{±) ^ we obtain 

Theorem 4.1. 

: 5(oo) ® Ta ® 5(-oo) ^ z+°°®rA®z;_°"(=z:"[A]) 

Uoo®tx® M_oo ^ (■ ■ ■ , 0, 0, tA, 0, 0, ■ ■ ■ ) 
zs the unique stirict embedding which is associated with l :={■■■ , i2, ii,tx, z_i, i_2, ■ ■ ■ ) ■ 

4.2 The image of ^i^^ 

Fix a sequence of indices t as above. We define a linear function (3k{x) as follows: 

/3k{x) = o-fc(f) - (4.6) 
where ak is defined by (14.11) . Since {hi, ai) = 2 for any i E I, v/e have 



/3fc(^) 



+ Y.k<j<k(+)^K^(^ij)xj + ^kW {k>l or fcW < -1), 

'{hi^,X) +Xk + J2k<j<kw(^ik^'^ij)^j + ^k(+) {k < -1 and A;W > 0). 



Using this notation, we define an operator Sk = Sk,,, for a linear function (f{x) = c + 
^kXk (c, v^fe e Q) as follows: 

(^) := 1^ - ^'^^^ (4.7) 
- v2fc/3fc(-) V^fc < 0. 

An easy check shows (5*^)^ = Sk- For a sequence t and an integral weight A, we denote by 
HJA] the subset of linear forms which are obtained from the coordinate forms Xj, x^j {j > 1) 
by applying transformations Sk- In other words, we set 



2+ [A] 



■ ■ ■ SjA.Xj,) ■- / > 0, Jo, ■ ■ ■ ,ji > 0} 
{S.,^ ■ ■ ■ 5_,,(-x_,J : A: > 0, Jo, ■ ■ ■ ,Jk > 0}, (4.8) 
2+[A]US:[A]. 



Now we set 

EJA] := {x G Z~[A](C Q°°) : <^(x) > for any G SJA]}. (4.9) 
By Theorem 12. 7| we have 
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Theorem 4.2. Suppose that satisfys the assumption (P),(N),and \2.1]) .Let \E'['^'' : B{oo) 
Tx ® B{-oo) ^ Z^[X] be the embedding of gjjj. Then Im(^P^)(= fi(oo) ® Ta ® 5(-oo)) is 
equal to SJA]. 

Remark. Under the assumptions (P) and (N), both H+[A] and S~[A] are closed by the 
actions of SkS, since Sk (fc < 0) (resp. Sk {k > 0)) acts identicaUy on S+[A] (resp. S~[A]). 
The fohowing lemma will be used lalter. 

Lemma 4.3. Let E be a set of linear functions on Q°°. Suppose that H is closed by actions of 
all Sk 's, then the set 

S = {f e Z^[X\\ip{x) > for any ip E E,} 

is a sub-crystal ofZ^[X\. 

Proof. It suffices to show that S is closed under the actions of and Cj. For a; G S, suppose 
fiX = (■ ■ ■ ,Xk + 1, ■ ■ ■)■ For any ^9 = c + ^ ipjXj G H (c, G Q), we need to show that 

cpifix) > 0. (4.10) 

Since ip{fi{x)) = ip{x) + ipk > (pk, it is enough to consider the case when ipk < 0. By 
definition of fiX, we have cr^.(-) < cxk- This shows that 

ak(-)<crk Pki-) = CTf^i-) - ak < 

=> Pki-) < -1- 

Therefore, it follows that 

ipifiX) = ip{x) + ifk 

> ip{x) - ^kf^ki-) 
= {SkV>)ix) >0. 

Suppose that iiX = (■ • • ,Xk — I, ■ ■ ■). We need to show that 

if{e,x) > 0. (4.11) 

Since (p{ei{x)) = (p{x) — ipk > —<Pk, it is enough to consider the case when > 0. By 
definition of iiX, we have ak > crk(+). This shows that 

0"fe > 0"fc{+) Pk = (Tk - (Ti.(+) > 

=^ /3fc(-)>l- 



Therefore, it follows that 



ipicix) = V5(f) - ipk 

> ip{x) - (fkPk 

= iSk^)ix) >0. 



□ 
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5 Polyhedral Realization of B{Uq{Q)ax) of Type An 

In this section, we shall describe the crystal structure of the component including tx in B{oo) <S> 
Tx ® oo) for the case of type A^. 

It will be convenient for us to change the indexing set for from Z>i to Z>i x [l,n]. We 
will do this with the help of the bijection Z>i x [1, n] — >• Z>i given by ((j; i) (j — l)n + i). 
Thus, we will write an element x e Z'^°° as doubly-indexed family (a;j;i)j>i,ig[i,„] of nonnegative 
integers. Simillarly, using that Z>i x [1, n] Z<_i ((j; i) —jn + i — 1) is bijective, we will 
write an element x G Z~°° as doubly-indexed family (.x_j;i)j>i ig[i.„] of nonpositive integers. 
Therefore, we can write that x G Z°° as (■ • • ,Xi.2,Xi-i,tx,x_i.n,X-i.n-i, ' ' We will adopt 
the convention that xj-o = xj-n+i = unless i G [l,n] 

To state the main theorem, we prepare several things. For x G M, set (a;)+ := max{0,x). 
Let A = ^i<i<n ^i-^i be an integral weight satisfying Ai, • • • , Ajg > and Xiq+i, • • • , A„ < for 
some io and for G Z>i x [l,n] set 



We will use the following lemma frequently: 
Lemma 5.1. For real numbers ri, • • • , r„, we have, 

ri + (r2 + (rs H h (r„_i + (rn)+)+)+)+ = max(ri, n + r2, • • • , n + r2 H \- Vn) 

Proof. 

We can easily show from the fact : ri + (r2)+ — max(ri, ri + r2) and iterating this. □ 

By the above lemma, we can write 

= max(0, — A_j+j+i, — A_j+j+i — A_j+j_|_2) ■ ■ ■ ^ ~X-j+i+i ~ A_j_|_j+2 — • • • — A_j+„+i). 

Theorem 5.2. Le^ t = {•■■ ,2,1, n, ■■■ ,2,1, tx,n,n — 1, ■■■ ,l,n,n — 1, ■■ ■) be an infinite 
sequence and A and C-j-i be as above. We define 



and denote the connected component ofIm.{^i ') containing :— (• • • ,0,0,tx,0,0, ■ ' ') by 
Bo{X). Then we have 




{-X-j+i+i + {-X-j+i+2 + (■■■ + {-\-j+n+i)+)+ ■ ■ ■ )+)+ iil<j<i<n. 



otherwise. 



s:[A] 

S'JA] 



{S-jk ■ ■ ■ S-n{x-j:r + C-j-i) : A: > 0, i G /, j > 1, ji, • • • ,jk > 1}, 
{x G Z^[A](C Q^) : ip{x) > for any G S;[A]} 



So(A)=EjA]nE:[A]. 



(a) Let vx be the unique highest weight vector in -Bo (A). Then we have 



vx^i--- ,0,0,tx,-C. 
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Proof. Since S^[A] is closed under the actions of S^s, by Lemma lOl S, [A] fl S'JA] has a 
crystal structure unless it is empty. We will show that St [A] fl S'[A] contains 0, which implies 
that SJA] n S'JA] is non-empty, and has the unique highest weight vector. First, we will show 
that 

^0 = (■ ■ ■ 5 0, 0, tx, — — • • • , —C-j-i, ■ ■ ■) (5.1) 

isahighest weight vector in [A]. Wesety-j-i := -X-j+i+i+{->^-j+i+2+{ h(-A_j+„+i)+)+) + . 

Thus, we have C-j-i = —{y^j-i)+. Due to ()4.4p . it suffices to show 

cr_j:i(xo) < for j > 1, i E I. 

(In the case j < 0, trivially (T_j:j(xo) = 0.) We consider the following four cases: 
(I) j = 1. (II) i = n. (Ill) l<i<j<n. (IV) 1 < j < i < n. 

(I) The case j = 1. 

We will show that cr_i,„(xo), (t_i;„_i(xo), ■ ■ ■ , a_i;i(xo) < 0. Note the following simple fact: 

-(-a)+ - a < 0, for any a G M. (5.2) 

We can write y-i-i+i := + (— Ai+2 + (■■■ + (— A„)+)+ ■■■) + ■ By the definition of cr_j.j, 

we have cr_i;i(a;o) = -(-Aj + (y-i;i+i)+)+ + {y-l■^+l)+ - K- By (jS^), we obtain cr_i;j(xo) < 0. 
This shows o-_.i;„(xo), o-_i.„_i(a;o), ■ • • , o-_i.i(xo) < 0. 

(II) The case i = n. 

We shall show a-j-n{xo) < (1 < Vj < n) by the induction on j. If j = 1, it is true by (I). 
Suppose j > 1. We can write a_j;„(a;o) = -(-A_j+„+i)+ + (-A_j+„+i + (-A_j+„+2)+)+ - 
(-A_j+„+2)+ + o-_j+i;„(a;o). Now, set A := a^j.n{xo) - o'-i+i;n(a^o)- Since o-_j+i;„(xo) < by 
the induction hypothesis, it is sufficient to show A < 0. 

If X-j+n+i , A_j+„+2 > X^j+n+i , X-j+n+2 < 0, then obviously A = 0. If X^j+n+i > 
and A_j+,„+2 < 0, we can write A = (— A_j+„_|_i — A_j+„_|_2)+ + A_j+„+2. In this case, if 
-X^j+n+i - X-j+n+2 < 0, then A = X-j+n+2 < 0. If -X-j+n+i - X-j+n+2 > 0, then A = 
— A-j+n+i < 0. If A_j+„+i < and A_j+n+2 > 0, obviously A = 0. 

(III) The case 1 < i < j < n. 

By the definition, C^j-i = for i < j. We can write 

By Lemma [5. H we have 

C^i:i = max(0, — Ai, — Ai — A2, ■ ■ • , — Ai — A2 — ■ ■ ■ — A^j+^+i), 
C-i-i:t+i = max(0, — Ai, — Ai — A2, ■ ■ ■ , — Ai — A2 — ■ ■ ■ — A_i+„)- 

Therefore, we obtain C-i;i > This shows a-j-i{xo) < 0. 

(IV) The case 1 < j < i < n. 

We will show a-j-i{xo) < by the induction on 1 < j < i < n. We can write: 

(^-j;i{Xo) = —C-j;i + C-j;i+l + C-j+i-i-i — C-j^i-i + (T^j^l.i{Xo) 
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where 

C-j-i = ( — A_j+i+i + { — X-j+i+2 + ■ ■ ■ + { — X-j+n+l)+ ■ ■ ■ ) + ) + , 

C-j-i+1 = (— A_j+i+2 + (— + ■ ■ ■ + (— A-j+„+i)+ ■ • • )+)+, 

= ( — A_j+i+i + { — \-j+i+2 + 1- ( — A-j+n+1 + ( — A-j+„+2) + )+ ' ' " ) + ) + , 

= i — + ( — A-j+i+3 + h ( — A_j,-+„+i + ( — A_j+„+2) + )+ ■ ■ ■ ) + ) + • 

Set i? := a_j-i{xo) — o--j+i-i{xo). It is sufficient to show B < 0, since o"-j+i;j(a;o) < by the 
induction hypothesis. By Lemma we have 

C-j-i+i = max(0, — A_j,-+j+27 ^A_j+j_|_2 ~ ^-j+i+S: ■ ■ ■ ? ~X-j+i+2 ~ ^-j+i+s — ■ ■ ■ — A_j+„+i), 
C-j+i-i = max(0, —X-j+i+2, ~X-j+i-\-2 ~ A_j+i+3, ■ ■ ■ , — A_j-)_j+2 ^ A-j+j+a — ■ ■ ■ — A_j+„+2)) 

and then 

C-j-i+i < C_j+i;j. (5-3) 

Since 

= — ( — A_j+j4_i + C_j;j4_i)+ + C_j-j-(_i + ( — A_j_|-j+i + C_j+i:,;)4_ — C_j-|_i-j, 

if C_j;i+i = C_j+i;i, then 5 = 0. We consider the case C-j-i+i ^ C-j+i-i. In this case, we have 
C_j;j_|_i < C_j+i;j by ()5.3p . We can write 

= or - A_j+i+2 - A_j+i+3 A_j+fc+i > for some k{i < k <n), 

C-j+i-i = — A_j_|_i+2 ~ A_j_|_i_|_3 — ■ • • — A_j_|_„_|_2 > 0, 
C-j-i+i — C_j+i;j = A_j+fe+2 + A-j+jt+a + ■ ■ ■ + A_j+„+2 < 0. (5-4) 

If C-j-i+i = 0, then 

B = — (— A_j+j+i)+ + (— A_j+,;+i + C-j-^-i-i)-^- — C_j+i;j 

= — ( — A-j+i+l)+ + ( — A_j+,;+i — A_j+i+2 — • ■ ■ — A_j+„,+2) + 
+ A-j+i+2 + A_j-|-.j+3 + ■ ■ • + X-j+n+2- 

In this case, if — A_j_|_j+i — A_j+,;_|_2 ■ — A_j_|_„+2 < 0, then — A_j+j+i < by (j5.4|) . Therefore, 

we have 5 < 0. If -A_j+i+i-A_j+i+2 A_j+„+2 > 0, then 5 = -(-A_j+i+i)+-A_j+i+i < 

by ()5.2|) . Therefore, in the case C_j;j+i = 0, We get B < 0. 
We consider the case C_j;j+i 7^ 0. In this case, we have 

B = — (— A_j_|_j_|_i — A_j_|_j_|_2 — ■ ■ ■ — \-j+k+i)+ 

+ ( — A_j+j+i — A_j+j+2 — ■ • • — X-j-i-k+l — X-j+k+2 — ■ ■ ■ — A_j+„4.2) + 
+ A_j+A;+2 + A_j+A;+3 + • ■ ■ + A_j_|_„+2- 

If -A„j+j+i - A_j+,;+2 A_j+fc+i > 0, by (jOI), we have 

B = A_j+j+i + X-j+i+2 + ■ ■ • + A_j+fc_|_i 

~X-j-{-i+i — A_j-|-i+2 — ■ ■ • — A-j+fc+i — A_j+fc+2 — • • ■ — A_j+„+2 

+ X^jj^k+2 + A_j+fc+3 + ■ ■ ■ + A_j+„+2 

= 0. 
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On the other hand, if — A_j+j+i — A_j+j+2 — ■ ■ ■ — A_j+fe+i < 0, by ()5.4|) . we have 

B = ( — A-j+i+i — X-j-\-i+2 — ■ ■ ■ — A-j+fc+i — X-j-\-k+2 — ■ ■ • — X-j-\-n+2) + 
+ A-j+fe+2 + A_j+fe+3 + ■ ■ • + X-j+n+2 

< 0. 
This shows B < 0. 

Therefore, we conclude a-j-i{xo) = B + cr_j+i;j(xo) < for any j,i (1 <i,j< n) by the in- 
duction hypothesis. Now, we have shown that Xq = (■ ■ ■ , 0, 0, t\, — — ■ ■ ■ , — C_j;j, ■ 
is one of the highest weight vecters in Z^[A]. 

Next, we will show that SJA] fl S'[A] contains 0. 

We know that G SJA], since all the constant terms of all elements in HJA] are 0. Therefore, 
we will show G S' [A] . 

For the purpose, we shall evaluate the constant term of S^j^, ■ ■ ■ S^j^{x^j-i) by using the 
similar method to the one in (jH], Lemma 5.2) and see that all of them are non-negative. 

For / > 0, we define as follows: 

'■= S-j-i+i-iS-j-i+i-2 ■ ■ ■ S-j-i+iS-j-i. (5.5) 

Now, we define 

M« := {/i= (/ii,/i2,--- ,/ii) G Z>-i + l >/ii > /i2 > ■•• > /ii > 0}, 
whose element is called i- admissible partition ([El)- For /i G M*^*) set 

(rr\ ■— q('^») c(Mi-i) c(/^j+i) c(Mj) c(Mj-i) c(M2) c(mi)/™ \ re; fiA 

By the similar arguement in jH] Lemma 5.2, we obtain the explicit form of v^^j.j(x) up to 
constant term: 

Lemma 5.3. We have 

= + > 1, z G /, G M»}, (5.7) 

i 

- = ^{x-j+k-e{j-k);i-k+i+tik ~ a;-i+fc+i-eo-fc-i);j-fc+Mj, (5.8) 

fc=i 

inhere we consider Xj-i = unless 1 < i < n and 

|0 ifx<0. 

Let us evaluate the constant term in ^^^j-i- For jj, = (yUi, ■ ■ ■ , /i,), we set /i' := (/xi, ■ ■ ■ , fij-i, 0, 

and yu" := (/ii, ■ ■ ■ , yUj-i, /ij, 0, ■ ■ ■ ,0) Then we know that V^.j^j has no constant term by its def- 
inition. Thus, be Lemma [5.31 we have 

y^^-j-i = — a;-j+l;i-l+Mi) + {X-j+l;i-l+lJ.2 " ^-j+2;i-2+ti2) + " " " 
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By direct calculations, we obtain 

Since 5'i'!'|j_]^.;^S'i'!'J,]-l2;2 ' ' ' 'S'll^'^J^/ does not produce non-trivial constant term, we have 



Hence, we obtain the constant term of 



V5^];i(0) — Xi^j+i + Xi-j+2 H h Xi-j+^.. 



By Lemma f5. 11 we have 



and then 



C-j-i — (— A_j+j+i + (— A_j+i+2 + ( h (— A_j+„+i)+)+)+)+ 

= max(0, — A_j+i+i, — A_j+i+i — A_j+j+2, ■ ■ ■ , — A^j+j+i — • • ■ — Xn~j+i), 

C-j-i + Aj_j+i > 0, 

C-j-i + Aj_j_|_i + A,;_j_|_2 ^ 0, 



(5.9) 



^C-j-i + Aj-j+i + A,;_j_|_2 + ■ ■ ■ + Xn~j+1 > 0, 

which implies that C^j-i + V5^j.j(0) > 0. Therefore, constant terms in all elements in S'JA] are 
non- negative and then we know that is conatained in SJA] fl S^[A]. Therefore, we obtain 

So(A)csjA]ns:[A]. 

Finally, we will show that SJA] fl S'JA] has the unique highest weight vector, which implies 
the opposite inclusion. We also show that the image of the highest weight vector by '^['^^ 
coincides with vx as in Theorem 15.21 

Let Xq be the highest weight vector as in (j5.ip . We set 

D-j-i := a-j-i{xo) + C-j-i. 
We shall show the following lemma on D-j-f 
Lemma 5.4. (i) If D-j-i < 0, then we have C-j-^i = 0. 
(a) If D-j-^i > 0, then we have 

= {~X-j+i+i + ( — A_j+i+2 + ( h (— A_j+„+i) + ) + ) + )+ = C-j-i. 

Proof. 

(I) The case j = I. 
By Lemma f5.H we get 

D-i-i = (-A,+i + (-Ai+2 + (--- + (-A„)+)+---)+-Ai 

= max(— Aj, — Aj — Aj+i, ■ ■ ■ , — Aj — Aj+i — ■ ■ • — A„), 

C-i-i = max(0, — Aj, — Aj — Aj+i, ■ ■ ■ , — Aj — Aj+i — ■ ■ ■ — A„) 

= max(0, D-i-i) 
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If -D_i;j < 0, obviously C^i-i = 0. If D^i-i > 0, we obtain -D_i;j = C^i-i This shows that lemma 
is true. 

(II) The case that i = n. 

We will show by the induction on j. By the definition D^j-i and C-j-i, we have 

D-j-n = { — ^~j+n+l + { — ^-j+n+2) + )+ — (" A_j+„+2)+ + <^-j+l;n{Xo) , (5.10) 
C-j-n = (~^-i+n+l) + - 

(i) The case -D_j+i;„ > 0. 

In this case, by the induction hypothesis, we have a^j^i-i{xo) = 0. Then, 

D-j-n = { — ^-j+n+l + { — ^-j+n+2) + )+ " (" A-j+„+2) + - (S-H) 

(i-a) The case -D-j;n < 0. 
If -X-j+n+2 < 0, then -A_j+„+i < 0. Thus, C_j;„ = 0. If -X-j+n+2 > 0, then -X-j+n+i < 
since D-j;n < 0. Therefore, we obtain C_j;„ = 0. 

(i-b) The case -D_j.„ > 0. 
Since the right hand-side of (j^.llj) is positive, we have 

max(0, -\-j+n+i, -A-j+„+i - \-j+n+2) > max(0, -A_j+„+2). (5.12) 

This shows that the left hand-side of (j5.12|) is positive and equal to — A_j+„+i or — A_j+„+i — 
X-j+n+2- If L.H.S of ()5.12|) = — A_j+„+i > 0, then —X_j^n+2 < 0. Therefore, we obtain 

D_j.n = -X-j+n+1 = C-j-n- If L.H.S of ()5.12|) = -X-j+n+1 " X-j+n+2 > 0, then -X-j+n+2 > 0. 

Then D^j-n = — A_j+„+i must be positive. Thus, we obtain C-j-n = — A-j+n+i = D^j-n- 

(ii) The case D_j+i;„, < 0. 

By the induction hypothesis, we have C_j_|_i;„ = (— A_j+„+2)+ = and then, by the definition 
of A, A_j+„+i > 0. Then, by (jSHH), we have 

In this case, we have C^j-n = {~X-j+n+i)+ = 0. 

(III) The case 1 < i < j < n. 

By the definition, C^j-i = 0. Then, we have 

D_j.i = cr_j;i(xo) < 0. 

In this case, the lemma is true. 

(IV) The case 1 < j < i < n. 
We have 

D-j-i = C_j;j+1 + C_j + l;i_l — C_j+l;j -|- (T_j + l;j(Xo). (5.13) 

(i) The case D^j+i-i > 0. 
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By the induction hypothesis, we have 

D-j+l-n — (— A_j+i+2 + {—X-j+i+3 H h (— A_j+„+2)+ • • • )+)+ = C-j+l;i, 

and then (T_j+i;„(a;o) = -D_j+i;n — C-j+ij^ = 0. Then, we have 

— + {—X-j+i+3 H \- (— A_j+n+l) + ) • • •+) + 

+ { — X-j+i+l + { — X-j+i+2 + \- (— A_j+„+2) + ) • ■ ■+) + 

— { — X-j+i+2 + {—X-j+i+3 H \- (— A_j+n+2) + ) • • •+) + 

— niax(0, — A_j+j+2, — A_j+j+2 — A_j+j+3, • • • , — A_j+j+2 ~ X-j+i+3 — ■ ■ ■ — A_j_|_„+i) 

+ (~A_j+j+i + max(0, — A_j+i+2, ~A_j+j+2 ~ ^-j+i+S^ ' ' ' i ~X-j+i+2 — — ■ ■ ■ — A_j+„+2)) + 

— max(max(0, — A_j+i+2, —X-j+i+2 — X-j+i+3, ■ ■ ■ , ~A_j+i+2 — X-j+i+3 — ■ ■ ■ — A_j+„+i), 

— X-j+i+2 — X-j+i+3 — ■ ■ ■ — A_j+„+2) 

Now, we set 

X : = max(0, — A_j_|_j+2, ~A_j+j+2 ~ X-j+i+3j ' ' ' ■> ~X-j+i+2 — X-j+i+3 — ■ ■ ■ — A_j+„+i) > 0, 

y '■ = —X-j+i+2 — X-j+i+3 — ■ ■ ■ — A_j+„+2- 

Then, 

D^j.i + (-A_j-+i+i + max(X, Y))+ - max{X, Y) 

(i-a) The case max(X, Y) — X. 
We have 

= (-A-j+i+i + X)+ 

— {~X-j+i+i + max(0, —\-j+i+2, — A_j,-|_j+3, ■ 

— iiiax(0, — A_j+j+i, — A_j+j+2 — A_j+j+2, • • • , —X-j+i+i 
= C-j-i. 

In this case, the lemma is true. 

(i-b) The case max(X, Y) = Y. 
In this case, we have 

D_,,, = x-y+(-A_,+,+i + r)+. 

First, we consider the case X — 0. If D_j.i > 0, then — A_j+j+i > 0. By the definition of A, we 
have X-j+i+i, X-j+i+2, ■ ■ ■ , X-j+n+i < 0. This contradicts X = 0. Then, wc consider the only 
case D-j-i < 0. In this case, we have —X-j+i+i < 0. It follows from X = that 

f—X-j+i+i < 0, 
—X-j+i+i — X-j+i+2 < 0, 

, —X-j+i+i — X-j+i+2 ■ ■ ■ — X-j+n+2 < 0. 



■ ■ , ~X-j+i+2 — X-j+i+3 — ■ ■ ■ — X-j+n+l)) + 
~ X-j+i+2 — ■ ■ ■ — X-j+n+i) 
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This shows C-j-i = 0. Therefore, since X > 0, we consider the case X > 0. 
There exist k such that 

X = —X-j-^-i^2 — — ■ ■ ■ — A-j+fc+i > 0. 

Then we have 

X — Y = A_j+fc+2 + X-j+k+3 + ■ • • + X-j+n+2 < 0, 

D_,., = X-F + (-A_,+,+i + F) + 

= max(X — F, — A_j_(.j4.i + X), 

C-.j-i = max(0, -A_j+i+i + max(-A_j+j+2, -X-j+i+2 

= max(0, — A_j+j+i + X). 

If D^j-i < 0, then — A-j+j+i + X < 0. This shows C^j-i 
we have — A_j+j+i + X > 0, then D_j.i = — A^j+j+i + X 
have shown the lemma. 

(ii) The case D^j^i-i < 0. 
In this case, C^j^i-i = 0. Then, we have 

— A_j_|_j+2 ^ 0, 
^ — A_j+j+2 — A_j+j+3 < 0, 

, ~A_j_|_j_|_2 " A_j+j_(_3 ■ ■ • — A_j_|_„+2 ^ 0. 

This shows, by the definition of A, A_j+j+i > and —X-j+i+i + X < 0. Since = C-j+i;i > 
C-j-i+i > we have C^j-i+i = 0. Then, 

D-j-i = C^j-i^i + C_j+i;j_i — C*_j4_i;j + D^j^i-i 

= + max(0, — A_j4.j+2, ■ ■ ■ , — A_j+j+2 ~ A_j_|_j+3 — • • • — A_j+„+2))+ + D^j^i-i 

= ( — A_j+,;+i + X)^ + D^j^i-i 

= D_j+i.i < 0. 
On the other hand, 

C-j-i = max(0, — A_j,_|_j+i + max(— A_j+j+2; ~A„j+j+2 — A_j+j+3, • • ■ — A_j+i+2 — • • • — A_j+j+i)) 
= max(0, -A_j+i+i + X) = 0. 

This completes the proof of Lemma I5.41 |— I 

Let fo = (■■■, 0, 0, tx, ■ ■ ■ , X-j-i, ■ ■ ■ ) be a highest weight vector in SjA]nS'[A] 

satisfying : 

x_j.i + C_j.,>0. (5.14) 

Note that the linear function X-j-i + C-j-i in the left hand-side of the inequality is a generator 
of S'JA]. Thus, any vector in SJA] fl S'JA] satisfys the inequality ()5.14|) . 



~ ^-j+i+3, ■ ■ ■ — \-j+i+2 — ■ ■ ■ — A_j,_|_j+i)) 

= 0. If D_j.i > 0, since X - F < 
= C-j-i. Therefore, if D-j^i-i > 0, we 
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Now, we shall show that vq is uniquely determined and coincides with vq by the induction 
on the index (— j; i), where we consider the lexicographic order : (— j; i) < (— j'; i') if j < j', or 
j = j' and i > i',i.e., 

(-1; n) < (-1; < ■ ■ ■ < (-1; 1) < (-2; n) <■■■<■■ ■ (-j; i+l) < (-j; i) < (-j; i-l) < ■ ■ 

Recall the condition that xq is a highest weight vector : 

(^-j-A^o) < for any(-j; i) {j > 1,1 < i < n). 

For (— j; i) = (— n; 1), we have a_i;„(t'o) = a;_i;„— A„ < 0. By ()5.14|) . we also have x_i;„+C_i;„ = 
— A„ > 0. Those imply 

l;n C^i-n- 

Here note that by the assumption on A, we have A„ < 0. Asuume that for any (— j'; i') < {—j; i), 

X-j'-i' = —C^ji-i'. (5.15) 
Let us determine x^j-i. By this assumption ()5.15|) . we have 

cr^j.i{vo) = x_j.i + D_j.i. (5.16) 

If -D-j;j < 0, by Lemma f5. 41^ 1) we have C^j-i = 0. Then we have 

^ X—j-^i ~t~ C^j-i X—j-i. 

On the other hand, since Vq is an element in SJA] fl S'JA], we have x_j-i < 0. Those impliy 
X—j-i C—j-i. 

If D^j-i > 0, by Lemma 15.4( 11) we have D_j.i = C^j-i. Since Vq is a highest weight vector, 
we have 

> a-^j.i{vo) = x-j-i + D^j-i = x-j-i + C-j-i. 
By the condition ()5.14|) . we have 

Thus, we obtain x^j-i = —C^j-i. Now, we know that Vq is the unique highest weight vector 
in EJA] n S'[A] satisfying X-j-i + C-j-i > 0. Since -Bo (A) contains the unique highest weight 
vector (|il), vo must be the unique highest weight vector in -Bo (A), which implies that -Bo (A) = 

sjA]ns:[A]. □ 
6 Polyhedral Realization of B{Uq{'Q)a\) of Type A^^^ 

In this section, we consider the case g is of type A^l\ We fix a positive level integral weight 
A = AiAi + A2A2 (Ai G Z>o, A2 G Z<o, Ai + A2 > 0). We define C^k {k G Z>o) as follows: 

:= {-{k - l)Ai - A;A2)+. 
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Theorem 6.1. Let l = (■ ■ ■ , 2, 1, 2, 1, tx, 2, 1, 2, 1, ■ ■ ■ ) be an infinite sequence and let Bo{X) be 
the connected component of lm{'^[^^) containing :={■■ ■ , 0, 0, ^a, 0, 0, ■ ■ ■ ). Set 

SJA] := {Sj^ ■ ■■Sj.ixj^) : / > 0, jo, ■ ■ ■ Ji 1} 

U {S-j, ■ ■ ■ S-j^{-X-jJ : > 0, Jo, ■ ■ ■ ,jk ^ 1}, 
SJA] := {x e Z^[X]{C Q°°) : <^(f) > for any cp E SJA]}, 

Sl[A] := + : />0,A;>1, ji, ■ " " , > 1}, 

S:[A] := {x G Zr [A](C Q°°) : v{x) > for any G S:[A]}. 

i?o(A) = SjA]nS'JA]. 
(^M^ Lei fA 6e the highest weight vector of Bq{X). Then we have 

^;a = (■■■, 0, 0, tA, -C_2, ■ ■ ■ , ■ ■ ■ )• 

Proof. Since SJA] is closed by S'^'s, by Lemma 4.3 it has a crystal structure. We will show 
that SJA] n S'JA] contains and has the unique highest weight vector. First, we will show that 

a;o = (■■■ ,0,0,tA,-C-i,-C_2,--- (1 < fc) 

is one of the highest weight vectors of Z^[A]. For A; > 1, we recall the definition of a-k- 

a-k{x) = -{hi_^, A) +x_k+ ^ {hi_^,ai^)xj. 

j>-k 

k{xo) < for A; > 1 by the induction on k. ( In the case k < 0, trivially 
= 1. 

-(-A2)+-A2 = 0. 
= 2. 

a_2(xo) = -(-Ai-2A2)+ + 2(-A2)+-Ai 

= _(_Ai - 2A2)+ - 2A2 - Ai {by A2 < 0) 
< 0. 

(iii) The case k > 2. 
We assume a-k+2{xo) < 0. The following fact is trivial by Ai + A2 > 0: 

- (fc - l)Ai - A;A2 < ^ -A;Ai - (A: + 1)A2 < 0. (6.1) 

By the definition of (T_fc(xo), we heve 

a_fc(xo) = -(-(A;-l)Ai-A;A2)++2(-(A;-2)Ai-(A;-l)A2)+-(-(A;-3)Ai-(A;-2)A2)++a_fe+2(xo). 



Let us show o"-_ 
cr_fc(xo) = 0. ) 

(i) The case k = 
we have cr„i(xo) = 

(ii) The case k - 
By (15.21) . we have 
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Here, we set 

X ■= -{k - l)Ai - kX2, Y := -{k - 2)Ai - (A; - 1)A2, Z := ~{k - 3)Ai - {k - 2)A2. 

Then we have (T_fc(xo) = -{X)+ + 2(F)+ - (Z)+ + cr_fe+2(a;o)- 

By dnH), if Z < 0, then y < 0, X < and if F < 0, then X < 0. It is sufficient to show 
following four cases: 

(iii-a) Z <0. (iii-b) Z > 0, Y < 0. (iii-c) Z > 0, F > 0, X < 0. (iii-d) Z > 0, F > 0, 
X > 0. 

(iii-a) The case Z < 0. 
We have cr_fc(xo) = (T_fc+2(a;o) < 0. 

(iii-b) The case Z >0,Y <0. 
By definition of cr_fc(xo), we have cr_fc(xo) = —2' + (J-k+2{xo) < 0. 

(ni-c) The case Z > 0,Y > 0, X <0. 

a.kixo) = 2{-ik - 2)Ai - (A; - 1)A2)+ - {-{k - 3)Ai - (A; - 2)A2)+ + a.k+2ixo) 
= X + a-k+2{xo) < 0. 

(ni-d) The case Z > 0,Y > 0, X > 0. 

a_fc(xo) = -X + 2r - Z + o-_fc+2(a;o) = cr_k+2{xo) < 0. 

Next, we will show that SJA] fl S'^A] contains 0. By the similar way to the proof of 
Theorer d5.2^ we will show G S'JA]. For the purpose, we shall calculate the constant term of 
^-jk ' ' ' S-ji{x-k). 



By the similar argument in jH] Lemma4.2, we obtain the explicit form of <f _{.{x) up to constant 
term as follows: 

Lemma 6.2. 



Now, we calculate the constant term in (p_f.. For / < A; — 2, we know that (p jf^ has no costant 
term by its definition. And we have 



We set 




K[\] = {Ax)+C^k\k>l,l>l}, 

f^llix) - f^i^) = + ^)xi-k+e{i-k) - lxi-k+i+e(i-k+i) 



where 




V% ^\x) = {k- l)x_2 - (A; - 2)a;_i. 
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By direct calculations, we obtain 






kx-i — (/c — l)xi + {k — l)Ai, 

{k + l)xi - kx2 + {k- l)Ai + kX2. 




r(A;-l)Ai + a2 {l>k), 
^%{0)= l{k-l)\^ {l = k-l), 

[o {l<k-2). 



(6.2) 



By Lemma l5. 11 we have C_fc + (p_\.{0) > 0. This shows that constant terms in all elements in 
H^[A] are non-negative and then is contained in SJA] fl S'JA]. Therefore, we have -Bo (A) C 



Finally, we will show that SJA] fl S'JA] has the unique highest weight vector vx- 



D.u = 2{-{k - 2)Ai -{k- 1)A2)+ - {-{k - 3)Ai - {k - 2)A2)+ + cr^k+2{xo) 

= 2(F)+-(Z)+ + a_fc+2(xo), 
C-k = {-{k - l)Ai - A;A2)+ 



We need the following lemma: 
Lemma 6.3. (i) If D^k < 0, then C^k = 0. 
(a) If D^k > 0, then we have D^k = {—{k — l)Ai — fcA2)+ = C-k- 

Proof. We shall show the lemma by the induction on k. 

(I) The case k = 1. 

By the definition of -D_i, we have D^i = — A2 > 0. This shows C_i = (— A2)+ = — A2. 

(II) The case k = 2. 

By the definition of D^2 and C_2, we have 

D-2 = 2(-A2)+ - Ai = -2A2 - Ai, C_2 = (-Ai - 2A2)+ = (1^-2)+. 

Therefore, we get if D_2 < 0, then C-2 = 0. If D_2 > 0, then D_2 = -Ai - 2A2 = C-2- 

(III) The case k > 3. 



s4A]ns'jA]. 



We define 



Note that for k > 3, 



(6.4) 
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(i) The case -D-fc+2 > 0. 

By the induction hypothesis, a-k+2ixo) = — C-k+2 = 0. By ()6.3|) and ()6.4p 

D^k = 2(r)+ - (Z)+, = 

By dnH), if Z < 0, then F < and X < 0. In this case, we have D_k = and C_k = 0. If 
y < 0, then X < 0. In this case, D^k = — (^)+ ^ and C_fc = 0. Then, it is sufficient to show 
following two cases: 

(i-a) Z > 0, F > and X < 0. 

(i-b) Z > 0, F > and X > 0. 
(i-a) The case Z > 0, F > and X < 0. 
We have 

D_k = 2i-{k-2)\,-{k 
= -{k-l)\i-k\2 
C_k = (X)+ = 0. 

This show that the lemma is true, 
(i-b) The case Z > 0, F > and X > 0. 
We have 

D_k = 2(-(A; - 2)Ai - (A; 

= -(A;-l)Ai-A;A2 
C_fc = {X)+ = X = D_k. 

Therefore, in the case D^k+2 > 0, the lemma is true. 

(ii) The case D^k+2 < 0. 

By the induction hypothesis, C_k+2 = (~(^ — 3)Ai — [k — 2)A2)+ = 0, and then Z = —{k — 
3)Ai - (fc - 2)A2 < 0. By (jHIII), F, X < 0. By (refdefd) and (1131), we have 

D_k = o--fc+2(a;o) < 0, C^k = 0. 

Therefore, we complete the proof. □ 

Let vq := (■ ■ ■ , 0, 0, t\, X-i,X-2, ■ ■ ■ , X-k, ■ ■ ■ ) be a highest weight vector in SJ-^] ^J-^]; 
which satisfys: 

x-k + C^k > 0. (6.5) 

Note that the linear function x„fc+C_fc is a generator of S^[A], and then any vector in EjA]nS'jA] 
satisfys the inequality ()6.5|) . 

We shall show that Vq is uniquely determined and coincides with v\ by the induction on the 
index k. 

By the condition that vo is a highest weight vector, we have that cr_fc(t'o) < for any k > 1. 
For A; = 1, we have o"_i(fo) = x_i — A2 < 0. By ()6.5|) . we also have x_i + C„i = x_i — A2 > 0, 
which implies x_i = A2 = — C_i. Assume that for any k' < k, 

X-k' = -C-k'. (6.6) 



-l)A2)-(-(A: 
X < 0, 



3)Ai-(A;-2)A2) 



-l)A2)-(-(fc 
X > 0, 



3)Ai-(A;-2)A2) 
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Let us determine X-k- By the assumption ()6.6p . we have 

cr_fc(t;o) = + (6.7) 

If D-k < 0, by Lemma iniSti) we have C-k = 0. Then we have < X-k + C^k = X-k- 

On the other hand, since vq is an element in St [A] fl S'JA], we have X-k < 0. We obtain 

X-k = = -C_fc. 

If D_k > 0, by Lemma f6.3n i) we have D_k = C^k- Since Vq is a highest weight vector, we 
have 

> a-k{vo) = X-k + D-k = X-k + C-k. 

On the other hand, by the condition ()6.5p . we have X-k + C-k > 0. Thus, we obtain X-k = 
—C-k- Now, we know that vq is the unique highest weight vector in EJA] fl E'[A] satisfying 
X-k + C-k > 0. Since -Bo(A) contains the unique highest weight vector (j3j), vq must be the 
unique highest weight vector in -Bo(A). Hence, we have -Bo(A) = SJA] fl S'JA]. □ 
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